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I. Introduction

T OPOLOGY optimization methods such as the homogenization
method [1,2] and evolutionary structural optimization method

[3,4] enable designers to find the best structural layout for required
structural performances. So far, most papers dealing with these
optimization methods have been concerned with the optimization of
structures with linear material and small deformation behavior.
However, the linear assumptions are not always valid for
applications involving nonlinear material and large deformation. A
number of papers have considered topology optimization of
geometrically nonlinear structures [5–8]. Topology optimization of
materially nonlinear structures has also been conducted by several
researchers [9–12]. However, the work on topology optimization
with both geometrical andmaterial nonlinearities is limited. Jung and
Gea [13] studied topology optimization of both geometrically and
materially nonlinear structure using generalized convex approx-
imation (GCA). But their topologies contained gray area (soft
material), which leads to difficulties in manufacturing.

The evolutionary structure optimization (ESO) method has been
under continuous development since it was first proposed byXie and
Steven [3] in 1993. The ESO method is based on the simple concept
of systematically removing inefficient material from the structure
after each finite element analysis, so that the resulting design is
gradually evolved to an optimum. This method has been extended to
a wide range of structural optimization problems [14,15]. To avoid
the deficiency of the ESO method, the bidirectional evolutionary
structural optimization (BESO) method, which allows the material
removed and added to the structure, has been proposed [16,17]. The
BESO method provides a more robust and, often, more efficient
algorithm for searching for the optimal solution. This is particularly
advantageous for problems in which the analysis comprises a large
portion of the computational overhead of the topology optimization
(e.g., for nonlinear finite element analysis).

In this paper, the BESO method is applied to the topology
optimization for maximizing stiffness of nonlinear structures. By
removing and adding elements, the performance of structures is
gradually improved. The optimization process will be stopped when
both the objective volume and the prescribed termination criterion
are satisfied.

Several examples are presented to verify the proposed
optimization method. Numerical results show that the stiffness of
structures optimized using combined geometrically and materially
nonlinear modeling is always higher than that using linear analysis.
The improvement is especially significant in cases involving
buckling effects.

II. Optimization Problem and Sensitivity Number

In many industrial applications, the maximum stiffness of a
structure is pursued. One way to achieve that is by minimizing the
mean compliance of the structure that is defined with the area below
the load-deflection curve and is equal to the external work in quasi-
static condition. When a nonlinear structure is subjected to the
external force fFg, the optimization problem for maximizing
stiffness can be formulated with the volume constraint, using the
element as the design variable:
minimize

C�
Z

T

0

fFgTf _ug dt (1a)

subject to

g� V� �
Xn
i�1

Vixi � 0 (1b)

xi 2 f0; 1g (1c)

where f _ug represents the visual velocity vectors, T is the integration
limit that corresponds to the final state, Vi is the volume of an
individual element, V� is the prescribed total structural volume, and
the binary design variable xi declares the absence (0) or presence (1)
of an element.

When the ith element is removed from a structure, the overall
stiffness of the structure reduces and, correspondingly, the total strain
energy increases. In a linear system, the increase of the total strain
energy is equal to the elastic strain energy in the ith element.
Similarly, the total elastic and plastic strain energy stored in the ith
element is a first-order approximation of the variation of the mean
compliance for a nonlinear system, as discussed next. (For a detailed
sensitivity analysis, see Buhl et. al. [5] and Jung and Gea [13].)

�Ci � Ee
i � Ep

i (2)

Therefore, the sensitivity number of the ith element can be defined by
its strain energy divided by its volume:

�i �
Ee
i � Ep

i

Vi

(3)

Thus, sensitivity numbers for all elements in the present structure are
obtained. These sensitivity numbers will be linearly extrapolated to
void elements surrounding the structure that may be added. Elements
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in the present structure will be removed if they satisfy Eq. (4a):

�i � �th (4a)

Those elements surrounding the present structure will be added if

they satisfy Eq. (4b):

�i > �th (4b)

where�th is the threshold of the sensitivity number that is determined
by the target material volume in each iteration. For example, if the
target volume for the present iteration is 70%, then elements for
which the sensitivity numbers are ranked at the top 70% of all
elements (including the void ones) will remain solid or be added, and
all other elements will be deleted or remain void.

The cycle of finite element analysis and element removal and
addition will be repeated until the objective material volume V� is
reached and the termination criterion defined in the later section is
satisfied. The total material volume must be decreased gradually by
introducing an evolutionary removal volume ratio RV:

Vj�1 � Vj�1� RV�; j� 0; 1; 2; 3 . . . (5)

RV is a constant that is specified by the user. Once the objective
material volume V� is reached, RV is set to be zero.

Fig. 1 Design domain and support conditions for example 1.

Fig. 2 Optimal topologies with the remaining material ratio Vf � 40%: a) linear optimal design, b) nonlinear optimal design under P� 400 N,

c) nonlinear optimal design under P� 600 N, d) nonlinear optimal design under P� 800 N, e) nonlinear optimal design under P� 1000 N, and

f) nonlinear optimal design under P� 1100 N.
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III. Performance Index and Termination Criterion

In the original BESO method [16,17], the optimization procedure
is stopped when the objective material volume is reached. However,
that design can be further improved by adjusting the elements and
keeping the total material volume constant. Thus, the present BESO
procedure continues after the objective material volume is reached
and a new termination criterion needs to be defined.

Before we define the termination criterion, a performance index
(PI) is first introduced. The performance index is used to identify the
efficiency of the optimal designs. In optimization problems for
maximizing the stiffness, the stiffness per unit volume denotes the

Table 1 Comparison of the nonlinear mean compliance between the linear and nonlinear optimums under

various loads for example 1

C, Nmm

P� 400 N P� 600 N P� 800 N P� 1000 N P� 1100 N

Linear optimum 323.4 735.2 1340.1 2149.9 2638.1
Nonlinear optimum 322.1 729.5 1332.4 2130.3 2515.8

Fig. 3 Design domain and support conditions for example 2.

Fig. 4 Optimal topologies using various FE analysis: a) linear, b) materially nonlinear, c) geometrically nonlinear, and d) combined geometrically and

materially nonlinear.
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efficiency of the usage of thematerial and can be therefore be used as
a performance index. It is written as

PI � 1=CV (6)

where C and V are the total mean compliance and the volume of the
current design. The design with the highest performance index is the
one with the highest stiffness for the same material volume. In the
later stage of the present BESO method, the topology of the design
continues to adjust by removing and adding elements after the
objective volumeV� is reached. Thus, the performance index will be
increased step by step.When the performance index of the design has
an insignificant improvement over the last design, the optimization
process can be stopped. So the performance index of two successive
designs is used to define the termination criterion:

error j �
jPIj � PIj�1j

PIj
� error� (7)

where errorj is the defined performance error for the jth iteration, and
error� is the maximum allowable error that is specified by the user,
normally 0.01%.

IV. Examples and Discussion

A. Example 1

To verify the proposed method, the first example studies a
cantilever beam with a tip load, shown in Fig. 1. This is a classical
problem in the topology optimization of linear structures. We solve
this problem considering both geometrical and material non-
linearities. The 60 � 40 mm design domain (with 10-mm thickness)
is meshed using 120 � 80 4-node quadrilateral elements. The
mechanical properties of the assumed bilinear material are Young’s
modulus E� 1 GPa, Poisson’s ratio v� 0:3, the hardening
modulus Ep � 0:3E, and yield stress �y � 100 MPa. Five different
loadmagnitudes (400, 600, 800, 1000, and 1100N) are applied to the
middle of the free end. The objective volume is 40% of the design
domain. The BESO parameters are RV � 1% and error� � 0:1%.

For optimization problems using linear analysis, the optimal
topology would not depend on the magnitude of the load. The
symmetrical optimum obtained for linear analysis is shown in
Fig. 2a. When the combined geometrically and materially nonlinear
analyses are used, the resultant topologies are shown in Figs. 2b–2f
for the corresponding load magnitudes. The total iterations are 16,
19, 16, 16, and 17, respectively. It can be seen that the nonlinear
topology for a small load (e.g., 400N) is almost the same as the linear
topology. The nonlinear topologies become less and less symmetric
as the load increases. Table 1 shows the comparison of the nonlinear
mean compliance between the linear and nonlinear optimal designs
under various loads.Wefind that themean compliances for nonlinear
optimal design are only marginally lower (i.e., better) than the linear
optimal design in this example. However, in some cases, the
difference of the mean compliance between the linear and nonlinear
optimized structures can be enormous, as will be seen in the next
example.

B. Example 2

The design domain of a long, slender beam is shown in Fig. 3. The
beam is 1600-mm long, 200-mm deep, and 10-mm thick. The design
load P� 30 N is applied at the center of the bottom edge. The
material is assumed to be an elastoplastic material model with
nonlinear strain-hardening, for which the stress–strain relationship
after yield is given by � � 1:34"0:5. The other properties of the
material are Young’s modulus E� 30 MPa, yield stress
�y � 0:06 MPa, and Poisson’s ratio v� 0:3. The target material
volume is only 20% of the design domain. The BESO parameters are
RV � 2% and error� � 0:01%.

In this example, four different optimization cases are considered
and compared: linear, geometry nonlinear only, material nonlinear
only, and combined geometry and material nonlinear. The whole
model is discretized using 640 � 80 4-node quadrilateral elements.
The resultant topologies are shown in Fig. 4 and the total iterations
are 103, 100, 101, and 99, respectively. It can be seen that topologies
from the linear and material nonlinear analyses are quite different
from the topology from the combined nonlinear analysis. However,
topologies from geometry nonlinear and combined nonlinear
analyses are similar.

To examine and compare these different topologies, we reanalyze
these four final designs using nonlinear finite element analysis,
considering both geometrical and material nonlinearities. Figure 5
shows the deformed shape of each design under the design load. It
can be seen that the local buckling occurs in designs for the linear and
material nonlinear models. These buckling members significantly
reduce the load-carrying capability of the structure. Figure 6 shows
the force-displacement relationships for these designs. When the
applied load is equal to the design load (30 N), the displacement and
the mean compliance are 112.32 mm and 2386.1 Nmm for linear
optimum, 118.99 mm and 2351.1 Nmm for material nonlinear
optimum, 44.41 mm and 781.5 Nmm for geometry nonlinear

Fig. 5 Deformation of various optimums under the design load:

a) linear, b) materially nonlinear, c) geometrically nonlinear, and

d) combined geometrically and materially nonlinear.

Fig. 6 Comparison of the force-displacement relationships for various

optimal designs.
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optimum, and 43.65 mm and 770.5 Nmm for combined nonlinear
optimum. It can be seen that the combined nonlinear optimum is
stiffer than others. Comparing with the linear optimum, the
improvement in the stiffness of the combined nonlinear optimum is
extremely large.

To investigate the effect of the applied load, the same design
problem is considered again, except that we now change the
magnitude of the applied load. The optimization is performed with
the combined nonlinear analysis. A load of four different magnitudes
of load (10, 15, 25, and 30 N) is applied to the middle of the bottom
edge. The corresponding optimal topologies are shown in Fig. 7 and
the total iterations are 94, 87, 130, and 99, respectively. It is seen that

the topology for combined nonlinear analysis and the small load
P� 10 N is similar to the topology obtained from linear analysis.
But when the load increases, the resulting topologies become
different as the nonlinear effects become more significant. Detailed
comparisons with the mean compliance of linear design are given in
Table 2, in which both geometrically and materially nonlinear
analyses are applied for all designs.

V. Conclusions

In this paper, a topology optimization procedure for the stiffness
design of structures with nonlinear material undergoing large,
geometrically nonlinear deformations has been proposed by
extending the linear bidirectional evolutionary structural optimiza-
tion (BESO) method. In this procedure, the nonlinear optimization
problems are solved through removing and adding elements in the
design domain. Thus, the BESO method gains computational
efficiency, because the total elements become less and less. Several
design problems are investigated to verify the proposed method.
Numerical results showed that optimal designs obtained from the
combined geometrically and materially nonlinear analyses are

Fig. 7 Optimal topologies under various design loads: a) P� 10 N, b) P� 15 N, c) P� 25 N, and d) P� 30 N.

Table 2 Comparison of the nonlinear mean compliance between the

linear and nonlinear optimums under various loads for example 2

C, Nmm

P� 10 N P� 15 N P� 25 N P� 30 N

Linear optimum 27.0 78.2 1810.3 2386.1
Nonlinear optimum 26.5 76.8 411.3 770.5
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always better than optimal designs from linear analysis. The
improvement can be very significant for problems involving local
buckling.
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